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Abstract—This paper presents a novel optimization framework
for designing beamforming codebooks for angle-of-arrival (AoA)
estimation, by utilizing a close relation between the AoA estima-
tion problem and channel coding. Specifically, we optimize the
beamforming codebooks under two different metrics depending
on whether the fading coefficient is known: the minimum Eu-
clidean (¢2) distance between the beamforming codewords, or the
minimum chordal distance between the subspaces spanned by
the codewords. In both cases, it is shown that the optimization
problems can be formulated as a rank-constrained semidefinite
program, which can be approached via a convex iteration method.
The proposed optimization framework works for any number
of antennas, number of channel measurements or desired angle
resolution. Simulation results demonstrate the advantage of the
proposed codebook designs as compared to existing beamforming
strategies.

I. INTRODUCTION

With the advent of millimeter-wave (mmWave) communica-
tions, and the rise of integrated sensing and communications
(ISAC) [1], [2], the need for highly-directional signaling be-
comes crucial for mitigating the effect of severe path loss and
blockage. Realizing such directional beams requires precise and
reliable estimates of the channel during the initial access phase.
This need is further compelled by practical hardware constraints
that often limit the number of radio-frequency (RF) chains at
the base station (BS), thus restricting channel measurements
to be made through low-dimensional linear beamformers. This
paper treats the simplest scenario, in which the BS is equipped
with a single RF chain and aims to estimate a channel domi-
nated by a single line-of-sight path. Specifically, we focus on
the channel estimation task of learning the angle of arrival
(AoA) of the dominant path.

Several designs of the sequence of beamformers (i.e., the
beamforming codebook) have been proposed in the literature.
Exhaustive beam sweeping (e.g., [3]), which scans over all
possible beam directions before selecting the best one, requires
a large pilot training overhead that grows linearly with the
desired angle resolution. To reduce the training overhead, [4]
proposes a design of the beamforming codebook based on
random hash functions and shows that for such a random
design, a logarithmic number of channel measurements (in
the angle resolution) is sufficient in the high signal-to-noise
ratio (SNR) regime. Designs based on compressive sensing
that exploit the sparse nature of the channel in the angular
domain have also shown a similar logarithmic scaling when
used in conjunction with randomly constructed beamforming
codebooks [5], [6]. The pilot training overhead can be further
reduced by adaptively designing the beamformers based on

previous measurements [7]-[12], but it incurs additional im-
plementation complexity.

The logarithmic scaling of the number of measurements
can be also inferred from a recently established connection
between AoA estimation and channel coding [13], [14]. In
particular, [13] shows that, when the fading coefficient of the
single-path channel is known at the BS, the AoA estimation
problem can be posed as a coding problem over a Gaussian
channel. In light of this observation, a beamforming codebook
based on Reed-Muller codes is constructed for the AoA es-
timation problem. However, the construction in [13] requires
that the number of antennas is at least as large as the desired
angle resolution, which is not necessarily the case in practical
applications [15]-[17]. On the other hand, when the fading
coefficient is unknown (and not estimated), the work in [14]
draws a connection between the antenna selection problem
(which is one way of approaching AoA estimation) and the
coding problem over non-coherent channels. Based on this
observation, [14] proposes to use a subspace distance metric
for beamforming codebook design and presents an antenna
selection method based on Golomb rulers [18]. However, the
construction in [14] works only when the desired angle reso-
lution is roughly equal to the square of the number of channel
measurements.

Motivated by the aforementioned connection between AoA
estimation and channel coding, this paper proposes a method-
ology for designing beamforming codebooks based on two
different distance metrics. In particular, when the fading co-
efficient is known (or can be estimated), we formulate an
optimization problem that maximizes the minimum Euclidean
distance between the beamforming codewords. Indeed, in the
coherent setting, a large minimum Euclidean distance guar-
antees optimal coding performance in the high SNR regime,
and thus high AoA estimation accuracy. On the other hand,
when the fading coefficient is unknown (and not estimated),
we design the beamforming codebook to maximize the chordal
distance between the subspaces spanned by the beamform-
ing codewords. A large chordal distance between codeword
subspaces guarantees optimal coding performance in the high
SNR regime for non-coherent communications [19], which
translates to a performance guarantee for AoA estimation [14].
We show in this paper that for both cases, the optimization
problems can be formulated as a rank-constrained semidefinite
program (SDP), which can be approached via a convex iteration
method. The solutions to the optimization problems give rise
to beamforming codebooks with guaranteed minimum distance



properties. The optimization framework is general, in the sense
that no restrictions are made on the angle resolution, the number
of antennas or the number of measurements.

II. ANGLE-OF-ARRIVAL ESTIMATION PROBLEM
A. System Model

Consider a mmWave communication system in which a base
station (BS) equipped with /N antennas and a single RF chain
serves a single-antenna user. To establish a reliable link between
the BS and the user, an uplink training phase is used, in which
the user sends 7' pilot symbols within the coherence interval
in order to estimate the channel. Due to the single RF chain
limitation, the BS can only observe the received pilot signals
through a low-dimensional beamformer (i.e., combiner) w; €
C¥ in each symbol period. The received symbols at the BS
over the T' symbol periods can be expressed as

Yy = \/ﬁwzjh—i—w't"zt7 t=1,...,T, €))]

where h € C¥ is a vector of channel gains between the user
and the BS, and z; ~ CN(0,I) is independent Gaussian noise.

The channel h is modeled by a single line-of-sight path and
takes the form [20, Chapter 7]

h = ca(¢), (2)

where ¢ is the AoA, a ~ CN(0,1) is the small-scale fading
coefficient, and a(-) is the array response vector. In this paper,
we consider two separate settings, either « is known, or « is
unknown. We consider a uniform linear array configuration with
half-wavelength antenna spacing for which the array response
vector is

a(¢) _ [1 edmsing ej(Nfl)ﬂ'sinqu . (3)

This paper considers the simplifying assumption that the AoA
belongs to a grid of M points in the angular space, i.e., we
assume that ¢ is uniformly distributed over the set

@—{arcsin<1+22]\;1> :i—l,...,M}, &)

which is a set of M angles spanning the range [, T].

Under this assumption, the collection of received signals y =
(y1,...,yr) can be expressed as

y = vV PWH"Du + diag(WHZ), (5)
where u € {0,1}M is a 1-sparse vector, and

|
dy

is the collection of all array response vectors d; = a(6;)

|
D= |d : 6)
|

with 6, = arcsin (71 + 21&1 being the ith angle in the
grid ©. We also write W = |w; WT] € CNXT and
Z = [z z7|. The matrix WD is referred to as

the beamforming codebook, and its columns as the associated
codewords. Note that, for a given beamforming matrix W, the
effective noise term n 2 diag(WHZ) is a zero-mean, circularly

symmetric complex Gaussian vector with covariance matrix
Tw = diag([w1|2,.... [lwr ).

This paper focuses on non-adaptive beamforming strategies,
i.e., the beamforming matrix W is designed a priori before any
symbols are received, and hence, can only depend on the array
response matrix D. As such, the goal of this paper is to design
the beamforming matrix W to obtain the best estimate ¢ of
the AoA from the received symbol vector y. In this paper, we
formulate the AoA estimation problem as a classification task
over the grid ©. In this case, the performance of a particular
beamforming codebook design is measured via the detection
error probability defined as P, = P(¢ # ¢).

B. Connection to Channel Coding

The connection between the AoA estimation problem and
the channel coding problem has been previously pointed out
in [13], [14]. In the channel coding setting, a transmitter aims
to communicate a message S to a receiver over a complex-
valued additive white Gaussian noise (AWGN) channel, which
can be modeled by

¥ = aVPX + 1, (7

where X € CT is a codeword representing the message S,
a € C is the fading coefficient and n ~ CN(0,1) is Gaussian
noise. The receiver produces an S based on the received symbol
vector y. The performance is measured by the decoding error
probability P, = P(S # S).

By contrasting (7) with the channel model in (5), one can
observe that the codeword X in the channel coding problem
corresponds to WHDu in the AoA estimation problem. In this
context, the message S to be decoded in the channel coding
problem represents the AoA ¢ to be estimated. Despite this
correspondence, there are two key distinctions between the
two problems. Firstly, the AoA estimation problem imposes
a structure on the codewords; namely, the codewords are
restricted to take the form {WHd;}, (where W is a fixed
beamforming matrix to be designed and d; is given by the
antenna array geometry) whereas no such structure is naturally
imposed in the channel coding problem. Secondly, the choice
of the beamforming matrix W in the channel model (5) affects
the noise term n, whose covariance matrix is given by I'wy,
whereas the noise term n in the channel coding problem (7) is
isotropic and independent of the transmitted codeword.

C. Distance Metrics

Motivated by the connection between AoA estimation and
channel coding, this paper proposes two constructions of the
beamforming matrix that optimize two different distance met-
rics pertaining to the beamforming codebook: 1) the minimum
Euclidean (¢5) distance between the codewords, and 2) the
minimum chordal distance between the subspaces spanned by
the codewords, depending on whether the fading coefficient «
is known. The proposed constructions utilize the known array
response structure, while taking into account the effect on the
additive noise term.

These two metrics are inspired by channel coding for co-
herent and non-coherent communications, respectively. In the



coherent setting, the fading coefficient « is assumed to be
known (i.e., the receiver has access to an accurate estimate
of it). It is well known that the minimum Euclidean distance
largely dictates the performance of a code over AWGN channels
in the coherent setting (especially in the high SNR regime). In
contrast, in the non-coherent setting, the fading coefficient «
is unknown (i.e., the receiver operates without estimating it),
in which case its effect is to scale and rotate the transmitted
codeword, preserving only the subspace that the signal vec-
tor spans rather than its absolute position. In the high SNR
regime, it is well understood that maximizing the minimum
chordal distance between the codeword subspaces minimizes
the error probability of detecting an incorrect subspace under
a maximum likelihood detector [19]. In the following sections,
we formulate two different codebook optimization problems for
the two metrics.

III. KNOWN «: MAXIMIZING EUCLIDEAN DISTANCE

When the fading coefficient « is known, the AoA estima-
tion problem boils down to a channel coding problem where
the encoded sequences have the form {W"d;}M . and the
noise realizations have a covariance matrix given by I'w =
diag(||w1l?, ..., [|[wr||?). We design the beamforming matrix
‘W in this coherent setting to maximize the minimum Euclidean
distance between the codewords. Since the choice of W affects
the noise term only through the covariance matrix I'vy, there
is no loss of generality in designing the beamformers to have
unit norm. In particular, we consider the following optimization
problem in the coherent setting:

2
. . . —1/2x/H
(Py) : maximize  min HI‘W wH(d, - dj)H )

where the multiplication by I‘;Vl/ ? induces unit-norm beam-
formers. Using the epigraph formulation, we can write the
optimization problem (P7) as

ma&ryryze ¥ (9a)
subject o (d; —d;) " WL WH(d; —d;) >, Vi+#j,

(9b)

where the maximization in (9) is over (W, ). To solve the
optimization problem (9), we consider two cases.

1) Case 1 (' > N): When T' > N, the optimization
problem (9) can be equivalently written as a semidefinite
program (SDP). In particular, by denoting R = WI‘;&WH,
we can write (9) as

maximize o (10a)

R,y
(d; — d;)"R(d; —d;) =7, Yi#j, (10b)
tr(R)=T, R =0, (10c)

subject to

where the trace constraint holds since tr(WI'y WH) = T
for any matrix W. Problem (10) is an SDP, whose solution
(R*,~*) can be found via numerical solvers.

To find the optimal beamforming matrix, we need to find a
matrix W* such that R* = W*T'yy7. (W*)H. Note that spectral
decomposition of R* does not work on its own, because if

R* = UAU" is the spectral decomposition, and V = UAL/2,
then VF{,lVH = UU" # R*. Instead, we propose the
following technique to achieve the desired matrix factorization,
which is motivated by the Schur-Horn Theorem [21], [22].
Let F denote the T' x T discrete Fourier transform (DFT)
; _ 1 (k=1)(£—1) _

matrix, whe‘rir [F]k,é = Fw for k,/ = 1,...,T
and w = e 7T, and let

W*=U[AY? Oyxr-m)]F, (11

where Oy (7 ) denotes the all-zero matrix. It can be checked
that W*T'y7. (W*)H = R*, and all columns of W* have unit
norm. This follows because multiplying by the DFT matrix
spreads the total “energy” in the spectrum of R* (which is
equal to tr(R*) = T') equally across all columns. The choice
of F may not be unique, but the DFT matrix has the advantage
of being a universal choice that works for all R*. The proposed
factorization gives an optimal solution W* of the optimization
problem (9) when 7' > N.

2) Case 2 (' < N): When T' < N, the optimization
problem (9) can be equivalently written as a rank-constrained
SDP. As before, we denote R = WI'wW". In addition to
previous constraints, since 7' < N, the matrix R is constrained
to have a rank at most 7. Hence, in this case, the optimization
problem (9) can be equivalently written as

. 12
ma)r({lmlze ¥ (12a)

Y

subject o (d; —d;)"R(d; —d;) >, Vi#j, (12b)
rank(R) < T, (12¢)
tr(R) =7, R > 0. (12d)

To solve the optimization problem (12), we first express it as a
feasibility problem for a given parameter . That is, for a fixed
value of v, we search the space of N x N matrices to find a
matrix R that satisfies constraints (12b)—(12d). In other words,
for fixed v, we aim to solve the following rank-constrained
feasibility problem:

find R (13a)
subject o (d; —d;)"R(d; —d;) >, Vi#j, (13b)
rank(R) < T, (13¢)
tr(R) =7, R > 0. (13d)

Despite the non-convex rank constraint, the feasibility prob-
lem (13) can be approached via a convex iteration method [23,
Chapter 4.5] that expresses the problem as an iteration of the
following two (convex) SDP’s:

minir{nize tr(RQ") (14a)
subject to (d; —d;) " R(d; —d;) >, Vi#j, (14b)
tr(R) =T, R =0, (14¢)

where Q* is the solution to the SDP given by
mingnize tr(R*Q) (15a)
subject to 0=Q<=1I, (15b)
tr(Q) =N —T, (15¢)



where R* is the solution of (14). For a given ~, the feasibility
problem (13) can be solved by iterating (14) and (15) for some
given number of iterations I,,x. Note that problem (15) can
be solved in closed form, and the solution is Q* = V*(V*)H
where V* € CV*V=T) is a matrix whose columns are the
eigenvectors corresponding to the smallest N — 7' eigenvalues
of R*. Hence, the matrix Q* points in the direction of rank-T’
(or less) matrices whose null space contains that of R*.

The inspiration behind this convex iteration method is the
fact that, for a semidefinite feasibility problem, a solution of
least rank must be an extreme point of the feasible set. Thus,
there must exist a hyperlane that supports the feasible set at that
extreme point, and hence, there must exist a linear objective
function that is minimized at this least-rank solution. The goal
of the iteration between (14) and (15) is to find the matrix Q*
that describes this linear function.

Note that if the value of the objective function after the ¢-th
iteration of (14) and (15) is denoted by 3; = tr(R*Q*), then
the sequence {3;}/m is guaranteed to be non-increasing and
convergent. Moreover, if this sequence converges to 0, then
a rank-7' solution is guaranteed to exist for the optimization
problem (14), and hence for the feasibility problem (13) [23].
This implies the existence of a beamforming codebook with
a squared minimum distance equal to the value of v that we
started with. Hence, in this case, v can be increased, and the
same convex iteration method can be used to search for a
beamforming codebook with a squared minimum distance equal
to the new value of ~. Otherwise, if no solution of rank T is
found, ~ is reduced. This procedure continues until the value of
~ can be narrowed down to a sufficiently small interval. Finally,
let Ropt be the rank-7" matrix found through this process. The
corresponding optimal beamforming matrix can be obtained by
setting

W* = VA!/?F, (16)

where Ry = VAVH is the (thin) spectral decomposition of
Ropt, and F is the T x T DFT matrix.

Remark 1. The complexity of the proposed design is largely
dictated by the (]\2/[ ) constraints in (14b) and the number of
antennas N. This complexity may be high for large M and
N, but is acceptable for practical values such as N = 16 and
M = 128, because the codebook design is done offline.

Remark 2. The beamformer design proposed in this section as-
sumes that an accurate estimate of « is available at the receiver.
To estimate «, we can use a fading coefficient estimation phase
consisting of T}t Symbols that precede the measurements
made for AoA estimation. During this phase, the beamforming
vector can be set to w = [1 0 0] € C¥, for which
the received symbol can be expressed as

gt = a\/ﬁ—i_ﬁ‘t?

for t =1,...,Thiet. Since (17) is independent of the AoA ¢,
the received symbols during this phase can be used to compute
an estimate of «. In particular, the minimum mean-squared

error (MMSE) estimate of « given the received symbols

~ ~ : : A VP Thitlot ~
15+ Ul IS given by & = 7—¥ips > gy

a7)

IV. UNKNOWN a: MAXIMIZING CHORDAL DISTANCE

In contrast to coherent communications, coding for non-
coherent settings (often referred to as Grassmannian signal-
ing [19], [24]-[26]) aims to ensure that the codewords remain
distinguishable despite the scaling/rotation caused by the un-
known fading coefficient a. The use of the squared chordal
distance between codeword subspaces as a metric for AoA
estimation is first proposed in [14]. For two codewords c¢; and
c;, the chordal distance between their subspaces is defined as

2
_ leirc))
leilllle; 11>

where (-,-) denotes complex inner product. Note that the
chordal distance corresponds to the sine of the angle between
the two vectors.

It can be seen from (18) that maximizing the chordal distance
corresponds to minimizing the square of the cosine similarity
between the two codewords. Hence, in the non-coherent setting,
maximizing the minimum chordal distance between any two
subspaces is equivalent to minimizing the maximum cosine
similarity between any two codewords:

dc (Ci,Cj) = 1

(18)

2
(T *WHd,, T/ *WHd,)

(P2) : minimize max ——— 173 )
|y W |2 Ty W

where the multiplication by 1'“_,\,1 /2 induces unit-norm beam-
formers. By denoting R = Wl";VlWH and using the epigraph
formulation, we can write the optimization problem (P3) for
T <N as

minimize ol (20a)
R,y
subject to iR, [ <~, Yi#j,  (20b)
(d"Rd;)(d"Rd;) ~ ’
rank(R) < T, (20c)
tr(R) =T, R > 0. (20d)

Note that condition (20b) can be equivalently expressed using
the Schur complement relation as

J7dPRd;,  d'Rd, o
d"Rd, Ad"Rd;| =0 VAT

Therefore, optimization problem (20) is a rank-constrained
SDP, which can be solved using a similar approach as in
Section III. Namely, the convex iteration method is used to
search for a matrix R with a given squared cosine similarity
v, and the parameter ~ is updated based on whether a rank-
T solution is found through convex iteration or not. In this
process, the constraint (14b) in the convex iteration is replaced
with the constraint (21).

2y

Remark 3. Note that, if some d; lies in the null space of
WH, the cosine similarity in (19) is not well-defined. In our
simulations, we observe that this is typically not the case at
the optimal W*. (This is true either with constraint (20b) or
equivalently with constraint (21).)



V. NUMERICAL EXPERIMENTS

The main objective of this paper is to show that it is possible
to use the proposed optimization methodology to design beam-
forming codebooks for the AoA estimation problem. To this
end, we explicitly construct practical codebooks under the two
different metrics for a scenario in which the BS is equipped
with N = 16 antennas, the AoA estimation takes place over
a coherence interval of 7' = 8 symbol periods, and the AoA
belongs to a grid of size M = 128. We consider the maximum
a posteriori (MAP) estimator of ¢ which, when « is known (or
estimated), can be expressed as'

7(1)

Map(Y) = argmin
€O

Hy - aﬁW"ﬁ(qS)Hz @

and when « is unknown, can be expressed as
Ply"wW"a(¢)|?
1+P[[WHa(4)[2

(23)

1+ P[WHa(g)[|?

exp

2(2
Sap

(y) = arg max
$€0

The proposed beamforming codebooks are compared with
two conventional beamforming strategies for AoA estimation:
1) Random Gaussian beamforming, and 2) Bayesian Cramér-
Rao bound (CRB) beamforming. In random Gaussian beam-
forming, the beamformers are randomly and independently
chosen according to a complex Gaussian distribution with unit
variance. For the Bayesian CRB method, the beamformers are
designed to minimize the Bayesian CRB metric [12], which
is a lower bound on the MSE of any unbiased estimator. A
uniform prior distribution of the AoA over the range [—7, 7]
is used to derive the Bayesian CRB metric. The beamforming
strategies are compared for the same received SNR = |a|2P.
Note that, since T' < N, the convex iteration method is used
for the proposed constructions, for which we set I,.x = 5
iterations.

Fig. 1 shows the performance of the different beamforming
strategies in the case when the fading coefficient « is perfectly
known at the BS. Clearly, the proposed design that maxi-
mizes the minimum Euclidean distance outperforms the other
beamforming strategies. This is expected since, in the coherent
setting, the performance of a codebook is largely dictated by
its minimum Euclidean distance.

Fig. 2 shows the performance of the beamforming strate-
gies when « is unknown to the BS. To estimate «, the BS
employs the fading coefficient estimation scheme described in
Remark 2. Note that the beamforming strategies are compared
for the same total number of measurements 7' = 8. That is,
if Thilot = 2 symbols are used for estimating «, then the
remaining T'— T}, = 6 symbols are used for AoA estimation.
Fig. 2 shows that the proposed design that maximizes the
minimum chordal distance between the codeword subspaces
has a comparable performance as the design that maximizes the
minimum Euclidean distance while using T}04 = 4 symbols
to estimate o prior to AoA estimation, and both significantly

'Equations (22) and (23) are derived for the case when the beamformers have
unit norm. If that is not the case, proper normalization of the beamformers and
the received symbols should be done before using these equations.

Detection error probability

10 ||~ @ ~Random Gaussian beamforming 4
- A -Bayesian CRB optimization
—+— Optimizing Euclidean distance
—o— Optimizing chordal distance
10° ' !

-5 0 5
Received SNR (dB)

Fig. 1. Performance of the proposed beamforming codebooks for a system
with N = 16 antennas, M = 128 possible AoAs, and 7" = 8 measurements,
for the case when the fading coefficient «v is perfectly known at the BS.
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Fig. 2. Performance of the proposed beamforming codebooks for a system
with N = 16 antennas, M = 128 possible AoAs, and 7" = 8 measurements,
for the case when the fading coefficient « is unknown at the BS.

outperform the baseline schemes. These results show that the
proposed codebook constructions are viable in practice, and
outperform the state-of-the-art methods in the literature.

VI. CONCLUSION

In this paper, we develop a framework for optimizing beam-
forming codebooks for AoA estimation under two metrics:
the minimum Euclidean distance between codewords, and the
minimum chordal distance between subspaces spanned by
the codewords. The proposed codebook designs work for all
underlying system parameters and have superior performance
compared to conventional beamforming strategies.
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