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Compressed Sensing Problem

General setting:

y = WH x + z

Signal x ∈ CN : k-sparse
Take T ≪ N linear measurements using a sensing matrix W
Gaussian noise z ∈ CT

Goal: Given y, design W to get an estimate Ŝ of the support of x

Applications: Wireless communications/sensing, medical imaging, seismology, etc.
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Compressed Sensing Problem

In many instances, x may not be sparse, but has a sparse representation:

x =Du

where u ∈ CM is sparse and D ∈ CN×M is a given dictionary matrix.

Measurement model:
y =WHDu + z

Example: AoA estimation (later...)

Question: For a given D, how should the sensing matrix W be designed?

Design constraints:
Columns of W should have unit norm
Design has a small probability of error: Pe = P{Ŝ ≠ supp(u)}

This presentation: Focus on 1-sparse compressed sensing
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Sensing Matrix Design

1 Random constructions:
Sample N × T matrix W with i.i.d. entries (e.g. Gaussian)

⇒ W satisfies the restricted isometry property (RIP) with high probability

No guarantee that the effective measurement matrix WHD satisfies the RIP

2 Deterministic constructions:
Vandermonde construction

Equiangular tight frames1

Constructions based on finite fields2

How far can we go with deterministic constructions?

Our work: Optimize distance metrics between sensing signals

⇒ Inspiration: Channel coding...

1T. Strohmer and R. W. Heath. “Grassmannian frames with applications to coding and communication”. In: Applied and Computational Harmonic
Analysis 14.3 (2003), pp. 257–275.

2R. A. DeVore. “Deterministic constructions of compressed sensing matrices”. In: Journal of Complexity 23.4 (2007), pp. 918–925.
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Connection to Channel Coding

Main focus: 1-sparse compressed sensing

y = αWHDu + z

where u ∈ {0, 1}M is 1-sparse, and α ∈ C is the sparse coefficient

Key connections to channel coding:
1 WHDu can be interpreted as a codeword that encodes the “message” u
2 α can be interpreted as a channel gain
3 Same probability of error metric

Key distinctions from channel coding:
1 Sensing codewords take the form {WHdi}

M
i=1

2 Unit norm constraint is typically imposed on the columns of W (not the codewords)
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Problem Formulation

1-sparse compressed sensing:
y = αWHDu + z

where u ∈ {0, 1}M is 1-sparse, and α ∈ C is the sparse coefficient

Two settings:
1 Known α (or estimated): Maximize minimum ℓ2 distance between sensing codewords

maximize
W

min
i≠j
∥WHdi −WHdj∥2

⇒ Minimum ℓ2 distance dictates coding performance when α is known
⇒ Sphere packing

2 Unknown α: Effect of α is to scale and rotate the sensing codeword
⇒ Maximize minimum chordal distance between subspaces spanned by the codewords

maximize
W

min
i≠j

¿
Á
ÁÀ1 −

∣⟨WHdi, WHdj⟩∣
2

∥WHdi∥
2∥WHdj∥

2

⇒ Minimum chordal distance dictates coding performance when α is unknown
⇒ Grassmannian line packing (non-coherent communications)

Both formulations are subject to the norm constraint: ∥wt∥ = 1, ∀ t = 1, . . . , T

Main contribution: Solve the two optimizations via a convex iteration method
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Setting 1: Known α

Maximize minimum ℓ2 distance:

maximize
W

min
i≠j
∥WH

(di − dj)∥
2

subject to ∥wt∥ = 1, ∀ t

1 Equivalently,
maximize

W
min
i≠j
∥Γ−1/2

W WH
(di − dj)∥

2

where ΓW = diag(∥w1∥
2, . . . , ∥wT ∥

2
)

2 Writing R =WΓ−1
WWH, and using epigraph formulation,

maximize
R,γ

γ

subject to (di − dj)
HR(di − dj) ≥ γ, ∀ i ≠ j,

tr(R) = T, R ⪰ 0,

rank(R) ≤ T

⇒ Rank-constrained SDP
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Setting 1: Known α

3 Fix γ: Search for matrix R with squared minimum distance γ

find R

such that (di − dj)
HR(di − dj) ≥ γ, ∀ i ≠ j,

tr(R) = T, R ⪰ 0,

rank(R) ≤ T

⇒ Rank-constrained feasibility problem

4 Key observation: Solution of least rank must be an extreme point of the feasible set
⇒ ∃ a hyperplane that supports the feasible set at that extreme point
⇒ Search for hyperplane via a convex iteration method3:

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

min
R

tr(RQ∗)

s.t. (di − dj)
HR(di − dj) ≥ γ, ∀ i ≠ j,

tr(R) = T, R ⪰ 0

R∗
Ô⇒

⇐Ô
Q∗

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

min
Q

tr(R∗Q)

s.t. 0 ⪯Q ⪯ I,

tr(Q) = N − T

⇒ Iterate between solving these two problems for Imax iterations
⇒ If optimal value converges to 0, rank-T solution is found ⇒ Increase γ

3Jon Dattorro. Convex Optimization & Euclidean Distance Geometry. Meboo Publishing, 2005.
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Setting 2: Unknown α

Maximize minimum chordal distance:

maximize
W

min
i≠j

¿
Á
ÁÀ1 − ∣⟨W

Hdi, WHdj⟩∣
2

∥WHdi∥2∥WHdj∥2

subject to ∥wt∥ = 1, ∀ t

1 Equivalently,

minimize
W

max
i≠j

∣⟨Γ−1/2
W WHdi, Γ−1/2

W WHdj⟩∣
2

∥Γ−1/2
W WHdi∥2∥Γ−1/2

W WHdj∥2

where ΓW = diag(∥w1∥
2, . . . , ∥wT ∥

2
)

2 Writing R =WΓ−1
WWH, and using epigraph formulation,

minimize
R,γ

γ

subject to [

√
γdH

i Rdi dH
i Rdj

dH
j Rdi

√
γdH

j Rdj
] ⪰ 0, ∀ i ≠ j,

tr(R) = T, R ⪰ 0,

rank(R) ≤ T

⇒ Rank-constrained SDP that can be approached using convex iteration method
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Numerical Example: Angle-of-Arrival (AoA) Estimation

Channel
h = αa(ϕ) wH

t
N RFC

st =
√

P yt ϕ̂

Es
tim

at
or

BS with N antennas and a single RF chain
UE sends pilot symbols, BS estimates the angle of arrival (AoA) ϕ

BS observes the channel only through linear beamformers wt, t = 1, . . . , T

On-grid assumption: The AoA ϕ belongs to a grid Θ of M angles:

Θ ≜ {θi = arcsin(−1 + 2i − 1
M
) ∶ i = 1, . . . , M}

Measurement model:
y = α

√
P WHDu + z

where u is 1-sparse, and D = [a(θ1) ⋯ a(θM)] ∈ CN×M .
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Measurement model:
y = α

√
P WHDu + z

where u is 1-sparse, and D = [a(θ1) ⋯ a(θM)] ∈ CN×M .

Question: Given array response D, how to design the beamforming matrix W?
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Existing Sensing Strategies for AoA Estimation

Beam sweeping: Set wt = a(θt), ∀ t = 1, . . . , M

Random construction: Sample wt ∼ CN(0, I)

Bayesian Cramér-Rao bound optimization4

Designs based on channel codes:
1 Codebook matching5: Design W such that WHD =C for a given codebook C
⇒ Works if N ≥M

2 Golomb-ruler-based construction6: Works if M = N = T 2 − 1

4W. Huleihel, J. Tabrikian, and R. Shavit. “Optimal Adaptive Waveform Design for Cognitive MIMO Radar”. In: IEEE Trans. Signal Process. 61.20
(2013), pp. 5075–5089.

5N. Ghaddar, L. Wang, and W. Yu. “On-Grid Angle-of-Arrival Estimation in Large-Scale MIMO Systems Using Channel Codes”. In: Proc. IEEE Int.
Symp. Inf. Theory (ISIT). 2025, pp. 1–6.

6H. Mahdavifar, R. Rajamäki, and P. Pal. “Subspace Coding for Spatial Sensing”. In: Proc. IEEE Int. Symp. Inf. Theory (ISIT). 2024, pp. 2394–2399.
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Simulation Results - Known α

Known α: N = 16 antennas, T = 8 measurements, Grid of size M = 128
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Simulation Results - Unknown α

Unknown α: N = 16 antennas, T = 8 measurements, Grid of size M = 128
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Concluding Remarks

Sensing matrix design for 1-sparse problems:
1 Known α: Maximize the minimum ℓ2 distance between codewords
2 Unknown α: Maximize the minimum chordal distance between codewords

Designs account for the structure of the dictionary matrix

Future directions:
1 Sensing matrix design for k-sparse problems
2 Alternative performance metrics (e.g., MSE)
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